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We investigate effects of the filled Dirac sea on the SU(4) symmetry breaking in the integer
quantum Hall states of graphene with long-ranged Coulomb interactions. Our model also includes
Hubbard and nearest neighbour repulsive interactions with strengths U and V respectively. We find
that the symmetry breaking of the n = 0 Landau levels induces an SU(4) polarization of the Dirac
sea. This results in several phases which are absent when the effects of the Dirac sea are neglected.
We compute the phase diagram in the U -V space. We also calculate the excitation gaps in tilted
magnetic fields for all the phases. We compare our model results with experiments and find a range
of U and V that are consistent with them.
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I. INTRODUCTION
Graphene1 has given access to a truly two dimensional
electronic gas. The low energy physics for graphene is
governed by the four species of Dirac quasi-particles lead-
ing to an emergent SU(4) symmetry. Dirac particles
of the low energy and the long wavelength theory were
predicted2 to have an unusual sequence of quantum Hall
plateaus for graphene, σH = 4(n + 1/2)e
2/h and it was
observed3,4. The charge neutral point of graphene in a
magnetic field is the filled Dirac sea of quartets of Lan-
dau levels with index n < 0 and half-filled quartet of the
n = 0 Landau level. The orbital degeneracy of each mem-
ber of the quartet is always saturated in this article. The
Dirac sea manifests in the non-interacting model in the
unusual form of the Hall conductivity mentioned above.
High mobility graphene samples on boron nitride un-
veiled plateaus at all integer values5 indicating that the
SU(4) symmetry is spontaneously broken. The theory
for the SU(4) symmetry breaking near the charge neu-
tral point has been addressed in past6–16. The long-
ranged Coulomb interaction was shown to break the
SU(4) symmetry spontaneously6 and it was predicted
that the Hall plateaus should reveal for all integer val-
ues. The interactions can be written as a sum of SU(4)
symmetric long-ranged Coulomb part and short-ranged
symmetry breaking parts. The long-ranged Coulomb
interaction results in the spontaneous breaking of the
SU(4) symmetry. The pattern of symmetry breaking is
U(4) → U(m) × U(4 − m)7, where m < 4 is the num-
ber of members of the quartet of occupied Landau level
with the highest energy. The ground state manifold is
the coset space U(4)/(U(m)× U(4−m).
The symmetry breaking terms pick out a state (or
states) in the ground state manifold. The short-ranged
interaction and the Zeeman terms play an important role
in deciding the nature of the ground state at Hall conduc-
tivities σH = 0,±1. The ground state at σH = ±1 was
shown to be a valley-spin polarized state8. The ground
state at σH = 0, there are various possibilities: charge
ordered state8,12–14, anti-ferromagnetic state12,13, canted
anti-ferromagnetic state13,16 and Kekule ordering13. The
filled Dirac sea of Landau levels with the short-ranged in-
teraction terms were first included in the computation of
ground state energies by Herbut12.
In all these works, the effects of the long-ranged
Coulomb interaction of the Dirac sea and the conse-
quences for the SU(4) symmetry breaking have not been
investigated. We expect the long-ranged Coulomb inter-
actions to significantly affect the structure of the Dirac
sea. In this paper we take up this technically challeng-
ing problem of including the Dirac sea with the Coulomb
interactions.
We start with a realistic model on the lattice that
includes the Coulomb interaction between the point
charges as well as the on-site and the nearest-neighbour
repulsion to account for the finite extent of the wave-
functions. We perform a systematic long wavelength ex-
pansion and derive the effective low energy continuum
model. This model consists of an SU(4) symmetric part
and SU(4) breaking terms. The symmetric part includes
the kinetic term and the long-ranged Coulomb interac-
tions. The symmetry breaking part consists of short-
ranged interaction terms and the Zeeman term and these
are suppressed by a factor of a/`c with respect to the
symmetric terms, where a is the graphene lattice con-
stant and `c ≡
√
~/eB, is the magnetic length.
Since we are interested in the regime where a/`c  1,
we adopt the strategy of approximately solving the sym-
metric part using the variational method and then treat-
ing the symmetry breaking terms in first order perturba-
tion theory. The variational state we choose is the ground
state of a quartet of Dirac particles in the background
of a mass matrix. The sixteen parameters that specify
the hermitain mass matrix are our variational parame-
ters. We develop a method, based on the ‘heat kernel’
representation of the Dirac propagator, which makes the
computation of the Coulomb energy tractable.
The picture that emerges from our calculations is the
following: consider the non-interacting system with par-
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2tially filled quartet for the n = 0 Landau level and fully
filled quartet for the n < 0 Landau levels. We will re-
fer to the n < 0 occupied Landau levels as the Dirac
sea. The Dirac sea is a SU(4) singlet and has all four
charges uniformly distributed on the sites. The partially
filled quartet of the n = 0 Landau level breaks the SU(4)
symmetry and the four charges are distributed unequally
between the two sublattices of the honeycomb lattice.
When the Coulomb interactions are turned on, this in-
duces a redistribution of the charges in the sea, leading
to what we call a staggered polarization of the Dirac sea
which plays an important role in the nature of the bro-
ken symmetry phases. We show that it results in two
phases which are absent if this effect is ignored. One is
the canted-spin state at σH = 0, which was first discussed
in reference [13]. Another is what we call the valley-spin
canted phase which occurs at σH = −1, which has not
been discussed earlier.
The rest of this paper is organized as follows. In Sec.II
we start with a realistic lattice model and motivate the
effective continuum interacting model adopted in this pa-
per. Sec.III is a discussion of symmetries of the hamil-
tonian and the order parameters corresponding to the
SU(4) polarization and the staggered polarization. In
Sec.IV, we describe the variational wavefunction used to
compute the variational energy for the interacting model.
Sec.V gives the details of the technical aspects for com-
puting the variational energy that takes into account the
filled sea of Landau levels by computing the two point
correlators. The two point correlators are used to de-
scribe the nature of the polarization of the Dirac sea in
Sec.VI. In Sec.VII, we present the results for the symmet-
ric interacting model, i.e. model comprising the kinetic
and the long-ranged Coulomb interaction terms. Sec.VIII
presents the effect of symmetry breaking terms of our
model on the nature of the ground states and the elemen-
tary excitations by specifying the SU(4) polarization. In
Sec.IX, we compare our results to recent experiments5,14
and find that there is a region in our phenomenological
parameters, U and V , that is consistent with the experi-
mental results. We conclude with a summary of the main
results of the paper in Sec.X.
II. THE INTERACTING MODEL
In this section, we describe the motivation for adopting
the interacting continuum model in this article. We start
with the lattice model. The hamiltonian is,
H = H0 +HI , (1)
where H0 ≡ Ht + HZ , is the non-interacting model for
graphene in a magnetic field which includes the tight
binding term, Ht and the Zeeman term, HZ . HI ≡
HC˜ + HV˜ + HU , is the interaction term. HC˜ is the
Coulomb interaction between a pair of point charges on
lattice sites. The finite extent of the electron wavefunc-
tions modify the interaction at short distances. This is
taken into account by including the repulsive interac-
tions with the nearest neighbour (HV˜ ) and the on-site
Hubbard term (HU )8,12,13. The strengths of the nearest
neighbour and the Hubbard interactions are treated as
phenomenological parameters in our analysis.
We review the tight binding model for graphene
and describe the systematic long wavelength expansion
around the Dirac points for the lattice operators. The
leading derivative term obtained after continuum ap-
proximation is the well-studied Dirac hamiltonian of the
non-interacting model. We apply continuum approxi-
mation to lattice interaction terms. The leading term
is SU(4) symmetric and long-ranged. The sub-leading
terms break the SU(4) symmetry explicitly and the in-
teractions are short-ranged.
A. The continuum theory
The tight binding model in the absence of magnetic
field for graphene describes the nearest neighbour hop-
ping of the pi-electrons of carbon atoms. The lattice
hamiltonian is,
Ht = −t
∑
n,σ
c†1,σ,n
( 3∑
j=1
c2,σ,n+bj
)
+ h.c. (2)
Here t ≈ 3 eV , is the hopping parameter. cr,σ,n are the
electron annihilation operators. n labels the triangular
lattice sites and r = 1, 2 the sublattices. σ =↑, ↓, is the
spin index. The three vectors, bj , j = 1, 2, 3, are equal
to 0, e2 and e1+e2, where e1 and e2 are the basis vectors
for the triangular lattice. The electron creation and anni-
hilation operators obey the canonical anti-commutation
relation, {cr,σ,n, c†r˜,σ˜,n˜} = δr,r˜δσ,σ˜δn,n˜.
At half filling, the Fermi level of the tight binding
model for graphene is at zero. There are two points in
the Brillouin zone with zero energy where the two bands
touch: the Dirac points, K± = (±2pi/3a,±2pi/3a). Near
the Dirac points, the quasi-particle energies have a linear
dispersion relation.
To obtain the low energy effective theory from the lat-
tice hamiltonian, we project the electron operators to
small regions around the Dirac points. Separating the
long wavelength modes from the fast varying modes, we
can write,
cr,σ,n ≈ a
(
eiK+·nβr,sΨs,+,σ(n) + eiK−·nαxr,sΨs,−,σ(n)
)
.
(3)
a is the lattice spacing. αx, αy, αz ≡ β, are the Pauli
matrices. Ψr,η,σ(n) are the slow varying modes around
the two Dirac points. η = ±, is the valley index, labeling
the states around the Dirac points K±.
The leading term from continuum approximation of
the lattice kinetic term, Eq.(2), then becomes:
Ht =
∫
dx Ψ†(x)
(
vF α · p⊗ 14
)
Ψ(x). (4)
3This non-interacting hamiltonian describes four species
of free massless Dirac particles. The speed of the massless
particle is vF =
√
3 a t/2~, the Fermi velocity at the Dirac
point. The field operators, Ψ(x) are eight component
objects and are labeled as Ψr,A(x), where r refers to the
Dirac spinor or sublattice index taking values r = 1, 2.
The spin and valley indices are combined into the SU(4)
index, A, which takes values 1, . . . , 4.
For weak magnetic fields, a/`c  1, the vector poten-
tial can be chosen to be slowly varying on the scale of
lattice spacing and the continuum approximation of the
lattice kinetic term is,
Ht = κt
∫
dx Ψ†(x)
(
α · pi ⊗ 14
)
Ψ(x). (5)
Here pi = p− eA and A is the vector potential. We have
chosen dimensionless variables by the scaling,
x→ `cx, pi → ~
`c
pi, Ψ(x)→ 1
`c
Ψ(x).
The parameter, κt has a square root dependence on the
perpendicular component of the magnetic field, B⊥,
κt =
~vF
`c
. (6)
In the presence of a magnetic field, the lattice Zeeman
term is,
HZ = −g µB~
∑
n
∑
r
B · Sr,n. (7)
The spin operator in terms of the lattice fermion opera-
tors is, Sjr,n = (~/2) c†r,nσjcr,n. The continuum approx-
imation results in a term that breaks the spin rotation
symmetry,
HZ = −κZ
∫
x
Ψ†(x)σ ·BΨ(x). (8)
The parameter, κZ , depends on the total magnetic field,
BT (Tesla),
κZ =
1
2
g µB BT = 0.67BT K. (9)
B. Interaction terms
The electron-electron interaction for graphene lattice is
modeled by combining the Coulomb point charge interac-
tion, HC˜ , the short-ranged nearest neighbour interaction,HV˜ , and the on-site Hubbard interaction, HU ,
HI = HC˜ +HV˜ +HU . (10)
The lattice Coulomb interaction is,
HC˜ =
1
2
∑
n,m
∑
r,s
nˆr,σ,n V (|nr −ms|) nˆs,σ˜,m. (11)
Here |nr−ms| is the distance between the two sub-lattice
points under consideration, and V (|r|) = e2/(4piε |r|).
ε = ε0εr, where εr is dielectric constant. And there is a
constraint on summation: r 6= s when n = m.
The interaction effects due to the finite extent of the
wavefunctions at short distances are taken into account
by including the nearest neighbour interaction term,
HV˜ = V˜
∑
n,σ,σ˜
nˆ1,σ,n
( 3∑
j=1
nˆ2,σ˜,n+bj
)
. (12)
and the Hubbard term,
HU = U
∑
n
∑
r
nˆr,↑,nnˆr,↓,n. (13)
The leading a/`c term after continuum approximation
for the Coulomb interaction term, Eq.(11), is SU(4) sym-
metric,
HC = κC
∫
x,y
x6=y
1
|r| ρ(x) ρ(y). (14)
Here ρ(x) = Ψ†(x)Ψ(x), is the charge density operator
and |r| = |x − y|. The parameter κC , has
√
B⊥ de-
pendence and is inversely proportional to the dielectric
constant,
κC =
1
2
e2
4piε`c
. (15)
There are sub-leading terms which become significant
at short distances because of inverse cube(and higher
power) dependence on the distance. They break the
SU(4) symmetry explicitly. This symmetry breaking
pattern is similar to continuum approximation of the
nearest neighbour interaction term, Eq.(12). In our con-
tinuum model, we combine these symmetry breaking
terms into HV with a new parameter V .
HV = κV
∫
x
((
ρ(x)
)2 − (Ψ†(x)βτzΨ(x))2). (16)
This approximation forgoes the distance variation of
terms with higher order in a/`c for the point charge in-
teraction, Eq.(11), but retains the essential physics of
SU(4) symmetry breaking. This approximation simpli-
fies our variational energy computation immensely.
The continuum approximation of the Hubbard term in
manifestly spin invariant form yields the following set of
local interaction terms,
HU = κU
∫
x
((
ρ(x)
)2
+
(
Ψ†(x)βτzΨ(x)
)2
+
1
2
∑
j,k=x,y
(
Ψ†(x)αjτkΨ(x)
)2)
. (17)
The tight binding term, Eq.(2), results in a series of
sub-leading terms after continuum approximation. These
4κt
~vF
`c
0.86t
(
a
`c
)
κC
1
2
e2
4piε`c
5.82
εr
(
a
`c
)
κZ
gµBB
2
0.63
(
a
`c
)2
κV
3V a2
4`2c
0.75V
(
a
`c
)2
κU
Ua2
4`2c
0.25U
(
a
`c
)2
κt1
ta2
8`2c
0.125t
(
a
`c
)2
TABLE I. The first two columns list and define all the energy
parameters in the interacting model. In the third column,
we explicitly express the parameters as function of a/`c in
units of eV . For the magnetic fields typically achieved in
a laboratory, a/`c ∼ 10−1 to 10−2, a small parameter. The
kinetic and Coulomb energy parameters are dominant and the
remaining ones are smaller by a factor of a/`c.
terms involve higher order derivatives. The first of such
sub-leading terms is,
Ht1 = κt1
∫
dx Ψ†(x) ht1 Ψ(x), (18)
with ht1 =
(
αx(pi2x + 3pi
2
y)− αy3(pixpiy + piypix)
)⊗ τz.
The parameters,
κV =
3V a2
4`2c
, κU =
Ua2
4`2c
, κt1 =
t a2
8`2c
. (19)
have linear dependence on B⊥. We treat both V and U
as phenomenological parameters for our interacting con-
tinuum model.
To summarize, the continuum interacting model hamil-
tonian that we use in this article is,
H = H0 +H1. (20)
H0 = Ht +HC . (21)
H1 = HV +HU +HZ +Ht1 . (22)
H0, defined in Eq.(5) and Eq.(14), is the SU(4) sym-
metric term. H1 defined in Eq.(16), Eq.(17), Eq.(8) and
Eq.(18), is the symmetry breaking term. The a/`c de-
pendence of the coefficients in Table I shows that H0 is
the leading order term and H1 is smaller by a factor of
a/`c.
Our strategy is to approximately solve H0 using the
variational method. As we will see, this leads to SU(4)
symmetry broken ground state solutions which are de-
generate. We then treat H1 in first order perturbation
theory to see which ground state(s) is (are) picked out
by the energetics.
III. SYMMETRIES AND ORDER
PARAMETERS
In this section, we discuss the details of the SU(4)
symmetry displayed by various terms of our interacting
model. We also discuss various order parameters for the
ground states.
A. The SU(4) symmetry
Under SU(4) transformations, the fermion field oper-
ator transforms as,
Ψ˜r,A(x) = UA,BΨr,B(x), (23)
where U ∈ SU(4). As mentioned earlier, H0 is invariant
under this transformation.
H1 breaks this SU(4) symmetry. The short-ranged
interactions, HV and HU , are invariant under transfor-
mations belonging to the subgroup, U(1)× SU(2), i.e.
U = e− i2 θττz ⊗ Uσ. (24)
Here Uσ denotes a unitary rotation in SU(2) spin space.
There is also a discrete symmetry that leaves the short-
ranged interactions invariant,
U = τx ⊗ Uσ. (25)
This transformation amounts to interchanging the valley
indices of the field operators. The group that leaves the
short-ranged interaction terms invariant is a semi-direct
product of Z2 o U(1)⊗ SU(2).
The sub-leading correction to the kinetic term, Ht1 ,
given in Eq.(18), is only invariant under U(1)⊗ SU(2).
The Zeeman term, HZ , breaks the SU(2) spin symme-
try to U(1).
U = Uτ ⊗ e− i2 θσσz , (26)
is the transformation of the field operator that leaves the
Zeeman term invariant. Here Uτ is a unitary rotation in
SU(2) valley space.
The model hamiltonian, Eq.(20), is invariant under
U(1)× U(1) rotation. The transformation
U = e− i2 θττz ⊗ e− i2 θσσz , (27)
of the field operators leaves H invariant.
B. Order parameters
U(4) has sixteen generators. They can be represented
by the 4 × 4 matrices, Tµν ≡ τµ ⊗ σν , µ, ν = 0, x, y, z,
where we define τ0 and σ0 to be 2× 2 identity matrices.
The operators representing the U(4) charge densities
are T µν(x) ≡ Ψ†(x)TµνΨ(x). The ground state expec-
tation value, 〈T µν(x)〉, correspond to the SU(4) polar-
ization of the ground state.
There are also sixteen other order parameters that can
be constructed, T˜ µν(x) ≡ Ψ†(x)β⊗TµνΨ(x). These two
types of operators can be distinguished by their transfor-
mation properties under reflection,
Ψ(x, y)→ iαyΨ(−x, y). (28)
5Under this transformation, we have
T µν(x, y)→ T µν(−x, y), T˜ µν(x, y)→ −T˜ µν(−x, y).
The operation of αy switches the Dirac indices, corre-
sponding to a switch of the sublattice index. We refer
to the expectation values of these operators that are odd
under this transformation, as the staggered SU(4) polar-
ization of the ground state.
In Appendix C, we have given a list of lattice opera-
tors corresponding to each of the 32 order parameters we
have discussed above. Note that many lattice operators
can have the same continuum limit. We have listed the
simplest representative lattice operator.
Some of the operators are linear combinations of the
products of electron operators on the same lattice site.
T 00(x) is the total charge density in the unit cell and
T 0i(x) the total spin density. T˜ 30(x) is the charge den-
sity wave order parameter corresponding to the differ-
ence in charge densities on the two sublattice points in
the unit cell and T˜ 3i(x) is the Neel order parameter cor-
responding to the difference in spin densities on the two
sublattices.
The operator T˜ 00(x) is a time-reversal symmetry
breaking mass term. It is the continuum limit of the
operator that occurs in Haldane’s model17 of a Chern in-
sulator on the honeycomb lattice. Thus T˜ 0ν(x) are all
bond-order parameters at the lattice level.
The operators involving τx or τy transfer particles from
K+ ↔ K−. The corresponding lattice operators hence
involve a momentum transfer of ±(K+ −K−).
IV. VARIATIONAL WAVEFUNCTION
The main aim of this paper is to study the effects of
the Dirac sea of Landau levels on the SU(4) symmetry
breaking induced by the interactions. To this end, we
want to construct variational states such that (i) they
allow the SU(4) polarization of the Dirac sea and (ii) the
energy computations are tractable.
We investigate a simple family of states that satisfy
these two conditions, namely the variational state is
constructed using the eigenstates of one-particle Dirac
hamiltonian for a quartet of massive particles in the pres-
ence of a magnetic field, hM ,
hM = α · pi + βM. (29)
Here M is a 4×4 hermitian mass matrix. It is specified by
16 independent real numbers that we treat as variational
parameters.
The eigenvectors of hM are of the form, Φ
n,l,q
r,A (x) =
φn,l,qr (x)χ
q
A. mq, q = 1, . . . , 4 are the eigenvalues of M
and χq the corresponding eigenvectors. φn,l,q(x) are the
Landau levels for a (2 + 1)d massive Dirac particle with
mass mq. We expand the field operators in terms of these
eigenvectors,
Ψr,A(x) =
∑
n,l,q
Φn,l,qr,A (x) ψn,l,q. (30)
ψ†n,l,q is the creation operator for an electron with Lan-
dau level index n, orbital degeneracy index l, and SU(4)
quantum number q.
The variational ground states are constructed by filling
the quartet for Landau levels with index n ≤ −1, consti-
tuting the Dirac sea. The state for σH = 0 has half-filled
quartet of the n = 0 Landau level and a quarter-filled
quartet of the n = 0 Landau level for σH = −1. The vari-
ational state for σH = +1 is the charge conjugate state
of σH = −1, so we are only going to study σH = −1.
|σH = 0〉 =
(∞,2∏
l=0,
q=1
ψ†0,l,q
)( −Nc∏
n=−1
∞,4∏
l=−|n|,
q=1
ψ†n,l,q
)
|0〉. (31)
|σH = −1〉 =
( ∞∏
l=0
ψ†0,l,1
)( −Nc∏
n=−1
∞,4∏
l=−|n|,
q=1
ψ†n,l,q
)
|0〉. (32)
|0〉 is the empty state defined by ψn,l,q|0〉 = 0. We are
using the Dirac theory as an effective model of the under-
lying lattice model. The lattice model sets an ultraviolet
cut-off which is proportional to the inverse of the lattice
constant. We estimate a cut-off for the Landau level in-
dex by equating the number of states of the lattice model
to that of the continuum model,
Nc =
2pi√
3
(
`c
a
)2
. (33)
This amounts to replacing the detailed band structure of
the lattice model with energy levels of the Dirac particle,
which is an approximation in our model calculation.
We now discuss the transformation properties of the
Dirac sea, i.e. the fully occupied quartet of the Landau
level with n ≤ −1. It is useful to write,
ψ†n,l,q =
(∫
x
Ψ†r,A(x)φ
n,l,q
r (x)
)
χqA ≡ ψ˜†n,l,q,AχqA (34)
Now consider the product of the operators that create
the quartet at every occupied n, l,
ψ˜†n,l,1,A1 ψ˜
†
n,l,2,A2
ψ˜†n,l,3,A3 ψ˜
†
n,l,4,A4
χ1A1χ
2
A2χ
3
A3χ
4
A4 (35)
If all the eigenvalues, mq, are equal, then ψ˜
†
n,l,q,A is inde-
pendent of q. In such a case the product of the ψ˜ oper-
ators is proportional to the totally antisymmetric tensor
A1,A2,A3,A4 . Since the matrix formed by the eigenvec-
tors, χqA, is a unitary matrix, the χ
q dependence of the
product in Eq.(35) is just a phase and thus the state is
invariant under U(4) (and hence SU(4)) transformations.
6However, if all the mq are not equal to each other, then
the product is not invariant under all the U(4) trans-
formations. The subgroup, G, under which the prod-
uct is invariant (up to a phase) is the set of U(4) ma-
trices that commute with the diagonal matrix, MD =
{m1,m2,m3,m4}. The ground state manifold is then
the coset space U(4)/G. The smallest G is U(1)×U(1)×
U(1)×U(1), which is the case where all the four eigenval-
ues, mq, are unequal. The dimension of the coset space
is then 12.
Thus, our choice of the variational wave function with
the mass matrix as the variational parameter allows us to
have an SU(4) polarization both for a partially filled n =
0 Landau level quartet and the filled Dirac sea. Several
patterns of symmetry breaking are possible in our ansatz.
The specific values taken by the variational parameters
(the elements for the mass matrix, M) and the symmetry
breaking pattern will be fixed by the minimization of the
variational ground state energy.
V. CORRELATION FUNCTION
The computation of the variational energy requires the
evaluation of the expectation value of the two point field
operators. This results from a Wick decomposition ap-
plied to the four fermion terms in the interacting model.
We define a two-point correlation function,
Γr,A;s,B(x,y) =
1
2
〈GS|[Ψ†s,B(y),Ψr,A(x)]|GS〉. (36)
|GS〉 is the ground state under consideration. Expressing
the two point correlation function in terms of wavefunc-
tions of massive Dirac particles,
Γ(x,y) =
4∑
q=1
Gmq (x,y)Pq. (37)
Pq ≡ χq(χq)†, are the projection operators constructed
from the eigenvectors of M . Gmq (x,y) is the equal time
Feynman propagator for a (2+1)d massive Dirac particle
with mass mq in a magnetic field (Details in Appendix
A),
Gmq (x,y) =
1
2
∞,∞∑
n=−∞,
l=−|n|
(
Θ(−n,l,q)−Θ(n,l,q)
)
φn,l,q(x)
(
φn,l,q(y)
)†
.
Θ(x) is the Heaviside step function and n,l,q are the
eigenvalues for Landau levels for the massive Dirac par-
ticle, Eq.(A2). Gmq (x,y) can be expressed in the so
called ‘heat kernel’ representation.
Gmq (x,y) = −
1
2
√
pi
∞∫
1
2Nc
〈x|hmqe−s h
2
mq |y〉. (38)
Here, hmq = α ·pi+βmq, is the one-particle hamiltonian
for a Dirac particle with mass mq in a magnetic field. We
make use of the imaginary time propagator for a non-
relativistic 2d electron in a magnetic field to evaluate18
〈x|e−sh2mq |y〉 = 1
2pi
ζs(x,y)
e−sm
2
q
2 sinh(s)
(
e−s 0
0 es
)
. (39)
Here, ζs(x,y) = e
− 14 |x−y|2 coth(s) e
i
2 (x1y2−y1x2).
By construction, Γ(x,y) is an 8× 8 matrix. The mass
matrix, M , for the Dirac particles of graphene encodes
the information about the filling factor and the nature of
the ground state,
M =
4∑
q=1
mqPq. (40)
We fix the chemical potential at zero for all the calcu-
lations discussed in this article. The signs of mq then
decide which members of the quartet of the n = 0
Landau level are occupied. With our convention, the
qth member is occupied if mq is positive. Hence, for
σH = 0, the diagonal mass matrix takes the form MD =
{m1,m2,−m3,−m4}, with mq > 0 for q = 1, . . . , 4. Sim-
ilarly, MD = {m1,−m2,−m3,−m4} for σH = −1.
The two point correlator, Eq.(37), enables us to com-
pute the energy of the long-ranged Coulomb interaction
efficiently. It eliminates the need to compute the matrix
elements of individual wavefunctions and the computa-
tion reduces to the evaluation of a few well behaved two
dimensional integrals.
The mean field energy computation for the symmetric
breaking terms of the interacting model is expressed in
terms of the coincident correlator, which is independent
of spatial coordinates, Γ =
∑4
q=1Gmq (x,x)Pq,
Γ =
1
2pi
4∑
q=1
1
2
(
umq 12 − vmqβ
)
⊗ Pq. (41)
Here, umq and vmq are evaluated using the following in-
tegrals,
umq =
mq
2
√
pi
∫ ∞
1
2NC
ds√
s
e−sm
2
q . (42)
vmq =
mq
2
√
pi
∫ ∞
1
2NC
ds√
s
e−sm
2
q coth(s). (43)
In the limit of a large cut-off we have limNC→∞ um →
sgn(mq)/2. For the magnetic field values relevant to us,
um is very close to 1/2. Specifically, 0 ≤ (0.5− |umq |) ≤
0.001. This small deviation from 0.5 is due to our cut-off
procedure. Henceforth we will put umq = 0.5 sgn(mq).
Since coth(s) ≥ 1, we always have |vmq | ≥ 0.5.
The two point correlators, Eq.(37), and the two point
coincident correlators, Eq.(41), will be used to evaluate
the variational state energy for the interacting model in
the following sections.
7VI. SEA POLARIZATION
In section IV, we had shown that the filled Dirac sea
of Landau levels (n = −NC , . . . ,−1), in general, is not
an SU(4) singlet when the parameters mq are unequal.
In this section we characterize this symmetry breaking in
terms of the order parameters defined in section III B.
We can use the expression for the coincident correla-
tion function in Eq.(41) to evaluate the order parameters,
〈T µν(x)〉 = Tr[(12 ⊗ Tµν)Γ]. (44)
〈T˜ µν(x)〉 = Tr[(β ⊗ Tµν)Γ]. (45)
The contribution from the Dirac sea can be obtained by
deducting the n = 0 Landau level contributions from the
above equations. Denoting the sea contribution to the
order parameters by 〈. . .〉sea, this gives us,
〈T µν(x)〉sea = 1
2pi
4∑
q=1
(
umq −
sgn(mq)
2
)
Tr[TµνPq].
(46)
〈T˜ µν(x)〉sea = − 1
2pi
4∑
q=1
(
vmq −
sgn(mq)
2
)
Tr[TµνPq].
(47)
Since umq = 0.5 sgn(mq), we have 〈T µν(x)〉sea = 0.
Since |vmq | > 0.5, the staggered polarization of the sea
is, in general, non-zero.
Thus the Dirac sea of our variational states breaks the
SU(4) symmetry by developing a staggered polarization.
However, the net SU(4) polarization for the Dirac sea
is zero. To visualize this, consider the non-interacting
ground state. This corresponds to mq = 0 and the sea is
a singlet which has all the charges uniformly distributed
over the lattice sites. Now consider making one of the
mq non-zero. The wave function of this species will have
different weights on the two sublattices with the total
weight in a unit cell remaining unchanged. Thus the
sea will develop a staggered polarization but not a net
polarization.
VII. SYMMETRIC MODEL
In this section, we consider the leading order (in a/`c)
part of the hamiltonian which includes the kinetic term,
Eq.(5), and the Coulomb term, Eq.(14).
H0 = Ht +HC . (48)
Both these terms are SU(4) symmetric. The charge den-
sities that occur in HC are with respect to the average
charge density at half filling.
We will evaluate the variational state energy of H0,
minimize it, and show that the SU(4) symmetry is spon-
taneously broken down to U(1)×SU(3) for σH = −1 and
SU(2)×SU(2) for σH = 0. We also compute the gaps of
the quasi-particle(hole) excitations within the symmetric
model.
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FIG. 1. This figure shows the ground state energy density
as a function of the variational parameter m for εr = 1, 2, 4.
The minima of the energy density function decreases with
increasing εr. The curves have been adjusted to align the
minima along the m-axis.
A. Ground states
In this subsection, we use the two point correlator,
Eq.(37), to compute the expectation value of the kinetic
and the Coulomb terms. The evaluation of these expec-
tation values involves the integration of the s variables of
the correlators, Eq.(38), which is accomplished numeri-
cally.
The kinetic term has local fermion field operators and
the expectation value can be expressed as,
〈Ht〉 = κt
∫
x
lim
y→x〈Ψ
†
r,A(x)〈x|hr,A;s,B |y〉Ψs,B(y)〉. (49)
Here hr,A;s,B =
(
α · pi)
r,s
(
14
)
A,B
, Eq.(5). Using the
two point correlator, Eq.(37), the kinetic energy density,
Et ≡ 〈Ht〉, of the variational state is evaluated to give
Et = κt
2pi
4∑
q=1
ηt(m
2
q). (50)
Here the quantity ηt depends on the square of the mass
parameter and is a positive quantity which we evaluate
numerically (Details in Appendix B 1).
The expectation value of the Coulomb term, Eq.(14),
can be expressed in terms of the two point correlator,
〈HC〉 = −κC
∫∫
x,y
1
|x− y|Tr[Γ(x,y) Γ(y,x)].
The Coulomb energy density, EC ≡ 〈HC〉, is evaluated
8using the two-point correlators,
EC = −κC
2pi
4∑
q=1
ηC2(m
2
q). (51)
The quantity ηC2 also depends on the square of the mass
parameter and its numerical evaluation involves double
integration of the variable s of the correlator (Details in
Appendix B 2).
The total energy of the leading order hamiltonian, H0,
is therefore a sum of functions of m2q,
E0 = Et + EC =
4∑
q=1
(
κt ηt(m
2
q)− κCηC2(m2q)
)
. (52)
Thus the energy minimization condition, ∂E0/∂mq = 0,
implies that the magnitudes of all the masses, mq, are
equal. Fig.1 shows the energy as a function of mq. The
minimum of energy density at a non-zero value of mq de-
creases with an increasing dielectric constant (decreasing
interaction strength).
The filling factor(Hall conductivity) determines the
signs of the masses. For σH = −1, three of the masses
are negative and one positive. For σH = 0, two are posi-
tive and two negative. The non-zero values of mq imply
that the SU(4) symmetry is spontaneously broken. As
we discuss below, the signs of the masses determine the
patterns of the symmetry breaking for the two cases.
1. Ground state at manifold σH = −1
The many body ground state at σH = −1 has a
quarter-filled quartet of the n = 0 Landau level. Thus
after minimization, the diagonal mass matrix for the
ground state at σH = −1 takes the form,
MD = {m,−m,−m,−m}. (53)
The ground state at Hall conductivity σH = −1 is there-
fore invariant under a subgroup, U(1) × U(3), of U(4).
The ground state manifold is a coset space U(4)/(U(1)×
U(3)) = CP 3. The dimension of this coset space is six
and is completely specified by a normalized four com-
ponent complex vector (up to a phase). This complex
vector corresponds to the SU(4) component of the wave-
function of the occupied member of the n = 0 Landau
level quartet. Without loss of generality, we choose the
SU(4) component to be χ1 and parameterize it as,
|χ1〉 = cos(γ1
2
)|+〉|n1〉+ ei Ω1 sin(γ1
2
)|−〉| − n2〉. (54)
Here |±〉|ni〉 ≡ |±〉 ⊗ |ni〉. And |±〉 are the eigenvectors
of the valley operator τz. |ni〉 is a vector pointing in an
arbitrary direction in the spin space.
|ni〉 = cos(θi
2
)|↑〉+ eiϕi sin(θi
2
)|↓〉. (55)
Here |↑〉 and |↓〉 are the eigenvectors of σz.
The mass matrix for the ground state at σH = −1 is
M = m
(
2|χ1〉〈χ1| − 14
)
≡ mQ(−1), (56)
where Q(−1)(γ1,Ω1, θ1, φ1, θ2, φ2) is a 4 × 4 matrix val-
ued function of the six angle parameters. It is in one-
to-one correspondence with the elements of the coset
space U(4)/ (U(3)× U(1)). It satisfies the properties,
(Q(−1))2 = 14 and Tr[Q(−1)] = −2.
The mass parameter m and Q, which is parameterized
by the six angle parameters, make it seven variational
parameters to describe the degenerate ground states of
H0 at σH = −1.
2. Ground state manifold at σH = 0
For the ground state at σH = 0, the diagonal mass
matrix is,
MD = {m,m,−m,−m}. (57)
The manifold for the ground state in this case is a coset
space U(4)/(U(2) × U(2)). The dimension of this coset
space is eight.
For this case, we need to construct two four component
vectors that specify the SU(4) components of the two
occupied members of the n = 0 Landau level quartet.
Eq.(54) describes the first vector. The second vector is
orthonormal to Eq.(54) and can be constructed explicitly,
requiring two more angle parameters,
|χ2〉 = cos(γ2
2
)|+〉| − n1〉+ ei Ω2 sin(γ2
2
)|−〉|n2〉. (58)
The mass matrix is of the form,
M = m
(
2
(|χ1〉〈χ1|+ |χ2〉〈χ2|)− 14) ≡ mQ(0), (59)
where Q(0)(γ1,Ω1, γ2,Ω2, θ1, φ1, θ2, φ2) is a 4 × 4 matrix
valued function of the eight angle parameters. It is in
one-to-one correspondence with the elements of the coset
space U(4)/ (U(2)× U(2)). It satisfies the properties,
(Q(0))2 = 14 and Tr[Q
(0)] = 0.
The mass parameter m and Q, which is parameterized
by the eight angle parameters, make it nine variational
parameters to describe the degenerate ground states of
H0 at σH = 0.
B. Excitation states and gaps
In this subsection we will compute the activation gaps
for H0, which is the excitation energy of a well separated
quasi-particle and quasi-hole pair. In our case, the ex-
cited states at Hall conductivity, σH = 0,−1, the particle
9and the hole quantum numbers belong to different mem-
bers of the n = 0 Landau level quartet. The excited state
is defined as,
|ES〉 = ψ†0,lp,qpψ0,lh,qh |GS〉. (60)
The activation gap is evaluated from the expectation
value of the hamiltonian for the excited state and for
the ground state, defined as the following,
∆gap =
1
2
(〈ES|H|ES〉 − 〈GS|H|GS〉). (61)
The ground state expectation value of the hamiltonian
is expressed in terms of two point correlators, used for
variational state energy calculation. In a similar fashion,
we can define the two point correlator for excited states,
Υ(r1, r2) as,
Υr,A;s,B(r1, r2) = 〈ES|Ψ†s,B(r2)Ψr,A(r1)|ES〉. (62)
This correlator is an 8 × 8 matrix and can be expressed
as following,
Υ(r1, r2) = Γ
(p)(r1, r2)− Γ(h)(r1, r2) + Γ(r1, r2). (63)
Here Γ(p)(r1, r2) and Γ
(h)(r1, r2) are the two point cor-
relators for the particle and the hole states respectively
and Γ(r1, r2) is the two point correlator for the ground
state.
The correlator for the particle or hole, (x = p, h)
Γ(x)(r1, r2) = Φ
0,lx,qx(r1)Φ
0,lx,qx†(r2)
=
1
4pi
(12 − β) 1
lx!
( z¯1z2
2
)lx
e−
1
4 (z¯1z2+z1z¯2)e−
1
4 |z1−z2|2Pqx . (64)
Within the symmetric model (H = H0 in Eq.(61)),
we will show that the SU(4) component of the corre-
lator gets traced out and there is no angle dependence
for the activation gaps. Moreover, we consider the case
where the particle and the hole are separated by a large
distance, hence excluding the possibility of particle-hole
bound states.
The contribution to the activation gap from the kinetic
term is evaluated as,
∆t =
κt
2
(∫
r
lim
r0→r
Tr[h Υ(r, r0)]
−
∫
r
lim
r0→r
Tr[h Γ(r, r0)]
)
. (65)
We find no contribution to the activation gap from the
kinetic term. This is not surprising because of the fact
that the n = 0 Landau level wavefunctions are the same
for both the massless and the massive Dirac particle. And
the massless Dirac particle has zero eigenvalue for the
n = 0 Landau level.
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FIG. 2. This figure shows the variation of activation gap with
magnetic field. The gaps for the Hall conductivity at σH = 0
and σH = −1 are same. The solid points are values for the
gap obtained from our calculations. The solid line shows the
best fit for the gaps as function of magnetic field of the form
a
√
B + bB. a, b are best fit parameters shown in the inset
for three dielectric constants. We have shown the variation of
gaps with change in the dielectric constant of the substrate.
The dielectric constant εr = 1 corresponds to the suspended
graphene. The best fit showed the dominant
√
B contribution
and linear B decreases as the dielectric constant of substrate
increased. The dashed lines shows the gaps when the effects
of the filled Dirac sea are ignored.
The large distance separating the particle and hole re-
sults in Coulomb term contributions to the activation gap
which is given by,
∆C = κC
∫∫
r1,r2
1
|r1 − r2|
(
Tr[Γ(h)(r1, r2)Γ(r2, r1)]
− Tr[Γ(p)(r1, r2)Γ(r2, r1)]
)
. (66)
The gaps turn out to be the same for both the cases,
σH = 0 and σH = −1. The ground state correlators are
specified by their respective mass matrix and we also use
the fact from energy minimization, mh = m = −mp.
The activation gap within the symmetric model for the
Hall conductivity at σH = 0,−1, is
∆gap = κC ηC1(m). (67)
The coefficient ηC1(m) is evaluated numerically,
ηC1 =
m
2
∫ ∞
1
2NC
ds
e−m
2(s− 12 )√
s sinh(s)
. (68)
The variation of the particle-hole gap with the magnetic
field is shown in Fig.2. We observe that the gaps have
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dominant
√
B contribution and a few percent contribu-
tion from the linear term.
We have compared the results of our analysis with the
case when the effects of the filled Dirac sea are ignored.
In Fig.2, we have also presented the variation of gaps
with dielectric constant of the substrate. At low magnetic
fields, there is negligible contribution from the filled Dirac
sea. Gaps shows systematic decrease in the contribution
from the filled Dirac sea with the increase of dielectric
constant.
VIII. SYMMETRY BREAKING TERMS
In this section, we investigate the effects of the sym-
metry breaking terms of our interacting model, Eq.(20),
on the ground state and excitations at σH = 0,−1. The
symmetry breaking terms are a factor of a/`c smaller
when compared with the SU(4) symmetric terms. Hence,
a change to the minimum value of the mass parame-
ters obtained from the symmetric model analysis will
be smaller by a factor of a/`c. The range of parame-
ter (U and V ) values of our interest and a/`c  1, allow
us to conclude that the effect of the symmetry break-
ing terms on the minimum value of the mass parameter
is negligibly small. We fix the mass parameter values
from the symmetric model analysis, Eq.(59) and Eq.(56)
at σH = 0,−1 respectively. This amounts to treating
the symmetry breaking terms as perturbations about the
symmetric model solutions.
The variational state energy can be expressed in terms
of various traces of the coincident correlator, Eq.(41),
which takes the form,
Γ =
1
4pi
(um12 − vmβ)⊗Q(σH). (69)
Here Q(σH) are 4 × 4 matrices specified at σH = 0,−1
discussed in Sec.VII A 2 and Sec.VII A 1.
Q(σH) =
∑
j∈occ
Pj −
∑
j∈unocc
Pj = 2
∑
j∈occ
Pj − 14, (70)
is constructed from the SU(4) components of the occu-
pied members of the n = 0 Landau level quartet. The
coincident correlator is position independent, the spatial
integration is trivial and results in volume of the sys-
tem. We derive the general expression for the expecta-
tion value of symmetry breaking terms in terms of various
traces of the coincident correlator and then apply to the
specific cases of σH = 0 and σH = −1.
The variational energy density for the nearest neigh-
bour term, EV ≡ 〈HV 〉, is expressed in terms of the traces
of the coincident correlator as following,
EV = κV
4pi2
(
− Tr[Γ Γ]− (Tr[β τz Γ])2
+ Tr[β τz Γβ τz Γ]
)
. (71)
Similarly, EU ≡ 〈HU 〉, the variational state energy den-
sity for the Hubbard term,
EU = κU
4pi2
(
− Tr[ΓΓ] + (Tr[βτzΓ])2 − Tr[βτzΓβτzΓ]
+
1
2
∑
j,k=x,y
((
Tr[αjτkΓ]
)2 − Tr[αjτkΓαjτkΓ])). (72)
The Zeeman energy density, EZ ≡ 〈HZ〉, in terms of the
coincident correlator,
EZ = −κZ
2pi
Tr[σz Γ]. (73)
The expectation value of Ht1 is obtained by a procedure
similar to the one discussed in Sec.VII A for the kinetic
term.
〈Ht1〉 = κt1
∫
r
lim
r→r0
Tr[ht1 Γ(r, r0)]. (74)
lim
r→r0
Tr[ht1Γ(r, r0)] =
∑4
q=1 f1(m
2
q)Tr[τ
z], here f1(m
2
q)
results from the action of the off-diagonal elements of ht1
on bm(r, r0), Eq.(A16), and dm(r, r0), Eq.(A17). The
trace over the SU(4) indices vanishes, hence 〈Ht1〉 = 0.
Henceforth we drop the sub-leading kinetic term.
The net variational state energy, E1 ≡ 〈H1〉, from the
symmetry breaking terms,
E1 = EV + EU + EZ . (75)
is numerically minimized for the angle parameters and
hence determines the SU(4) polarization of the varia-
tional ground state.
A. Ground states at σH = 0
The mass matrix for the σH = 0, MD =
{m,m,−m,−m} and Q(0) parameterization scheme dis-
cussed in Sec.VII A 2 are included in the two point co-
incident correlator Eq.(69). Various traces are evaluated
with this two point coincident correlator to obtain the
contribution from the symmetry breaking terms as func-
tions of the variational angle parameters.
The nearest neighbour interaction energy density,
EV = − κV
4pi2
(
8v2m cos(γ1) cos(γ2)
+ 2
(
v2m − u2m
)(
cos2(γ1) + cos
2(γ2)
))
, (76)
is a function of only two angle parameters γ1 or γ2. Since
vm > um, the minimization of the nearest neighbour en-
ergy is solely decided by the first term in Eq.(76). It
minimizes for the values γ1 = γ2 = 0 or pi, which results
in a charge ordered state.
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FIG. 3. The figure shows the phase diagram for possible
ground states for the Hall conductivity at σH = 0 in U -V
parameter space. This phase diagram is for the magnetic
field B = 30T and εr = 1.0. The region marked ‘FM’ is
the ferromagnetic ordered state, ‘CDW’ is the charge ordered
state and ‘Canted’ is the canted spin ordered state. The three
regions marked with dots represents solutions obtained with
numerical minimization corresponding to three phases. The
bold line separating the three phases were obtained analyt-
ically after equating each pair of analytical expressions for
the variational energies. Equations for these lines are given
in Eq.(83), Eq.(86) and Eq.(85). Phase transition across the
‘FM’ and ‘Canted’ region is continuous whereas others are
first order transition.
The variational state energy density for the Hubbard
term,
EU = κU
4pi2
(
8v2m cos(γ1) cos(γ2)
+ 2
(
v2m − u2m
)(
cos(γ1)− cos(γ2)
)2|〈n1|n2〉|2), (77)
minimizes for the values γ1 = 0 or pi, γ2 = pi − γ1 and
|〈n1|n2〉|2 = 0. These values indicate that the Hubbard
term prefers a Neel ordered ground state.
The Zeeman energy contribution,
EZ = −κZ
2pi
um
(
cos(γ1)− cos(γ2)
)(
cos(θ1) + cos(θ2)
)
,
(78)
minimizes for the variational angle parameters that cor-
respond to a ferromagnetic ordered ground state, for ex-
ample: γ1 = 0, γ2 = pi, θ1 = 0 and θ2 = pi.
The angle parameters that minimize the total energy
E1 for σH = 0 were numerically obtained. Numerical so-
lutions correspond to three phases in the U -V parameter
space shown in Fig.3 and described below.
(a) (b)
FIG. 4. One of the arrangement of SU(4) components of
the n = 0 Landau levels for the doubly degenerate charge or-
dered ground state shown in (a), anti-parallel spins located on
same sub-lattice. The site order parameter for charge order-
ing shown in (b). Two colors represent the staggered charge
densities on two sublattices.
1. Charge ordered state
The region marked ‘CDW’ shown in Fig.3 is the charge
ordered ground state. The angle parameters γ1 = γ2 =
0(or pi), minimize E1, which result in doubly degenerate
ground states. This is clearly indicated by the two Q
matrices, which take the form,
Q
(0)
CDW = ± τz ⊗ 12. (79)
The SU(4) components of the two occupied quartets
of the n = 0 Landau levels can be either |+〉|n〉, |+〉|−n〉
or |−〉|n〉, |−〉| −n〉. This results in an additional charge
localized on one of the sublattice points. One of the ar-
rangements on the graphene lattice is shown in Fig.4a.
There are two order parameters for the charge ordered
ground state, 〈T 30(x)〉 and 〈T˜ 30(x)〉. The SU(4) polar-
ization of operator τz is the order parameter 〈T 30(x)〉
which results in equal bond order between the same sub-
lattice on the graphene lattice. The staggered SU(4) po-
larization for the τz operator, 〈T˜ 30(x)〉 corresponds to a
staggered charge distribution on the two sublattices for
graphene as shown in Fig.4b. This site order parameter
has dominant filled Dirac sea contributions.
2. Ferromagnetic ordered state
The region marked ‘FM’ for small values of U and
V in Fig.3 is the ferromagnetic ordered ground state.
The minimization of E1 results in the angle parameter
taking values, γ1 = 0(pi), γ2 = pi(0), ϕ1 − ϕ2 = pi,
θ1 = θ2 = 0(pi). For these values of the angle parame-
ters, the SU(4) components of the two occupied quartet
of the n = 0 Landau levels are |+〉|↑〉 and |−〉|↑〉, shown
in Fig.5a. The ferromagnetic ordered state completely
lifts the SU(4) degeneracy and this is indicated by the Q
12
(a) (b)
FIG. 5. The SU(4) components of the n = 0 Landau level
for the ferromagnetic ground states is shown in (a). The spin
pointing along the direction of the magnetic field on each sub-
lattice shown with different colors. The site order parameter
for the ferromagnetic state, the total spin shown in (b). The
small circle size indicates that this site order parameter mag-
nitude comes from the half-filled n = 0 Landau level quartet.
matrix, which takes the form,
Q
(0)
FM = 12 ⊗ σz. (80)
The order parameters for the ferromagnetic ground
state are 〈T 03(x)〉 and 〈T˜ 03(x)〉. SU(4) polarization of
σz is 〈T 03(x)〉, which at lattice level corresponds to total
spin polarization of the system along the direction of the
magnetic field, shown in Fig.5b. The staggered SU(4)
polarization of σz is 〈T˜ 03(x)〉, which at lattice level re-
sults in bond order parameters for the two sublattices
with equal magnitude but opposite signs. This is analo-
gous to the Haldane mass term17.
3. Canted-spin ordered state
The canted-spin ordered ground state in U -V param-
eter space is shown in Fig.3 with the region marked
‘Canted’. The angle parameters that minimize E1 are
γ1 = 0(pi), γ2 = pi(0), ϕ1 − ϕ2 = pi and θ1 = θ2 = θ0,
with
cos(θ0) = +(−)1
4
um
v2m − u2m
2piκZ
κU
. (81)
The SU(4) components of the n = 0 Landau level for
the canted ground state are |+〉|n1〉, |−〉|n2〉 and is shown
in Fig.6a. SU(4) degeneracy is not completely lifted,
there is a remnant U(1) rotation as only ϕ1−ϕ2 is fixed
by the minimization. There is a family of Q matrices for
the canted ground state parameterized by the parameter
ϕ shown below,
Q
(0)
Canted(ϕ) = cos(θ0)12 ⊗ σz
+ sin(θ0)τ
z ⊗ ( cos(ϕ)σx − sin(ϕ)σy). (82)
In general, there are six order parameters for the
canted ground state, 〈T 03(x)〉, 〈T 31(x)〉, 〈T 32(x)〉,
(a)
(b) (c)
FIG. 6. The SU(4) components of the n = 0 Landau level
for the canted ground state shown in (a). The spins on sub-
lattice shown in different colors with cant angle 2θ0 between
them. The site order parameter in (b), the total spin along
the direction of the magnetic field on each sub-lattice which
has contributions on from the occupied quartets of the n = 0
Landau levels shown with small circles. (c) shows the order
parameter corresponding to Neel ordering in the direction per-
pendicular to the magnetic field. Larger circle size compared
to order parameter in (b) is to indicate contributions from
filled Dirac sea to this site order parameter.
〈T˜ 03(x)〉, 〈T˜ 31(x)〉 and 〈T˜ 32(x)〉. To draw the connec-
tion between these order parameters with the lattice or-
dering, we consider Q
(0)
Canted at ϕ = 0. The order param-
eters 〈T 03(x)〉 and 〈T˜ 03(x)〉 indicate ferromagnetic or-
dering component, described earlier in Sec.VIII A 2. The
staggered order parameter for the operator τzσx corre-
sponds to Neel ordering along a direction perpendicular
to the magnetic field. Here in our case the Neel ordering
is along the x-axis, shown in Fig.6c.
The three phases separated by bold lines shown in
Fig.3, can be obtained by comparing the energies for the
corresponding phases. The equation of the straight line
separating the first order transition between the ferro-
magnetic and the charge ordered phases is given by
3V =
1
2
(
1 +
u2m
v2m
)
U +
1
4
um
v2m
Z˜. (83)
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FIG. 7. (a) shows the phase diagram for σH = 0 at B = 10T
for our interacting model. (b) shows phase diagram when the
effects of filled Dirac sea are ignored at any magnetic field.
Here,
Z˜ =
4pigµB~
a2e2
BT
B⊥
(eV ), (84)
is the parameter that depends on the tilt angle and for
BT = B⊥, Z˜ ≈ 15.85 eV . The first order transition
between the charge ordered and the canted spin ordered
state is separated by,
3V = U +
1
32
u2m
v2m(v
2
m − u2m)
Z˜2
U
. (85)
This equation in the large U and V limit becomes a
straight line, 3V = U .
The transition between the ferromagnetic and the
canted-spin ordered state is continuous and the straight
line separating them is parallel to the V -axis given by,
U =
1
4
um
v2m − u2m
Z˜. (86)
We compare our results of the variational state analy-
sis with the calculations restricted to n = 0 Landau level
i.e. ignoring the filled Dirac sea. The filled Dirac sea con-
tributions to the symmetry breaking terms can be easily
neglected by substituting vm = um =
1
2 in equations:
(76), (77) and (78). The minimization of this energy re-
sults in charge ordered state and ferromagnetic ordered
state in U -V parameter space and the straight line sep-
arating the first order transition between the two phases
is given by, 3V = U + Z˜, shown in Fig.7b.
The inclusion of the filled Dirac sea in our variational
state analysis has resulted in a canted-spin ordered state
in U -V parameter space. Moreover our variational state
analysis predicts all three phases for moderate values (<
2 eV ) for U and V in contrast to only ferromagnetic state
when calculation restricted to the n = 0 Landau level.
B. Ground state at σH = −1
The diagonal mass matrix for the σH = −1, MD =
{m,−m,−m,−m} and Q(−1) parameterization scheme
discussed in Sec. VII A 1 are included in the two point
coincident correlator, Eq.(69). The variational state en-
ergy for the symmetry breaking terms is evaluated with
this two point coincident correlator.
The nearest neighbour interaction energy is a function
of only one angle parameter,
EV = − κV
4pi2
(
2
(
v2m − u2m
)
cos2(γ1)
)
(87)
and this term individually minimizes for γ1 = 0 or pi,
which results in a valley polarized ground state with the
spin pointing in an arbitrary direction.
The expectation value for the Hubbard term,
EU = − κU
4pi2
(
2
(
v2m − u2m
)
sin2(γ1)|〈n1|n2〉|2
)
, (88)
minimizes when γ1 = pi/2 and |〈n1|n2〉|2 = 1. This
indicates that the Hubbard term prefers a Neel ordered
spin ground state.
The Zeeman energy density depends on three angle
variables,
EZ = −κZ
2pi
(
um
((
cos(θ1)− cos(θ2)
)
+ cos(γ1)
(
cos(θ1) + cos(θ2)
)))
(89)
and it minimizes for angle parameters, γ1 = 0(pi), θ1 =
0(θ2 = pi). Hence the Zeeman term prefers a valley-
spin polarized ground state with spins pointing along the
magnetic field.
The angle parameters obtained from the numerical
minimization of the variational state energy, E1 shown in
Fig.8 and the solutions correspond to two phases which
we have enumerated below.
1. Valley-spin polarized state
The region marked ‘VSP’ in Fig.8 is the valley-spin
polarized state. The angle parameters that minimize E1
are, γ1 = 0, θ1 = 0 or γ1 = pi, θ2 = 0. The SU(4) compo-
nents of the n = 0 Landau level for valley-spin polarized
state are |+〉| ↑〉 or |−〉| ↑〉 and the former is shown in
Fig.9a. This ground state is doubly degenerate and the
Q matrices for this ground state are
Q
(−1)
VSP =
1
2
(± (τz + τzσz) + σz − 14) (90)
There are eight order parameters in total. Four SU(4)
polarization, 〈T 00(x)〉, 〈T 03(x)〉, 〈T 30(x)〉 and 〈T 33(x)〉,
and four staggered polarization, 〈T˜ 00(x)〉, 〈T˜ 03(x)〉,
〈T˜ 30(x)〉 and 〈T˜ 33(x)〉. The lattice manifestation of or-
der parameters that are site order parameters: 〈T 00(x)〉,
is the total charge density indicating that the Fermi sur-
face is away from the half filling for σH = −1. 〈T 03(x)〉
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FIG. 8. The figure shows the phase diagram for the ground
state at σH = −1 in U -V parameter space. The phase dia-
gram shown here is for magnetic field, B = 30T and εr = 1.0.
The red dots mark the region ‘VSP’ corresponds to the area
in parameter space where the numerical minimization yielded
angle parameters for a valley-spin polarized state. The re-
gion marked ‘VSC’ corresponds where the angle parameters
result in valley-spin canted state. The bold line separating
the two phases is obtained by equating the energies of these
two phases and equation for this line is given in Eq.(94). The
order transition across this line is continuous.
is the total spin along the direction of the magnetic field,
similar to what we had seen for the ferromagnetic or-
dered state in Sec.VIII A 2, shown in Fig.9b. 〈T˜ 30(x)〉
gives the measure of the staggered charge order shown in
Fig.9c. 〈T˜ 33(x)〉 is the Neel ordering of the spins along
the direction of the magnetic field and Fig.9d shows a
caricature on graphene.
〈T 30(x)〉 and 〈T 33(x)〉 are equal bond order parame-
ters for both sub-lattice points. 〈T˜ 00(x)〉 is the bond pa-
rameter for same sublattice points with equal magnitude
and opposite sign. 〈T˜ 03(x)〉 is also the bond order be-
tween same sublattice points with equal magnitude and
relative sign. It also has relative sign between the spin
up and spin down.
2. Valley-spin canted state:
In Fig.8, the region marked ‘VSC’ in the parameter
space is where we find angle parameters that correspond
to the valley-spin canted state after numerical minimiza-
tion. The angle parameters take values, θ1 = 0(pi),
θ2 = pi(0) and
cos(γ0) = +(−)1
2
um
v2m − u2m
2piκZ
κU − κV . (91)
(a) (b)
(c) (d)
FIG. 9. (a) shows the SU(4) component of n = 0 Landau
level for one of the two degenerate ground state for valley-
spin polarized ground state. (b) is the lattice manifestation of
the site order parameter for the total spin along the direction
of the magnetic field. (c) represents the site order parameter
which is the staggered charge density on the sub-lattice points.
(d) shows the Neel ordering of the spins along the direction of
the magnetic field for the valley-spin polarized ground state.
The SU(4) component of the occupied n = 0 Landau
quartet,
|χ1〉 = cos(γ0
2
)|+〉| ↑〉+ ei Ω sin(γ0
2
)|−〉| ↓〉. (92)
Here Ω is a free parameter. The ground state is doubly
degenerate and is parameterized by one parameter, Ω, a
U(1) symmetry remnant of SU(4). The Q matrix that
characterizes the family of ground states for the valley-
spin canted ground state is,
Q
(−1)
VSC =
1
2
(
± τzσz − 14 + cos(γ0)(σz ± τz)
+ sin(γ0)
(
cos(Ω)(τxσx ∓ τyσy)
+ sin(Ω)(τxσy ± τxσy))). (93)
There are 16 order parameters for the valley-spin po-
larized ground state. To keep things simple, we set the
parameter Ω = 0 for the Q matrix, to analyze the mani-
festation of order parameters on the lattice. This leaves
us with twelve order parameter. Eight of these parame-
ters we have encountered in when we described the valley-
spin polarized ground state. The remaining four are,
〈T 11(x)〉, 〈T 22(x)〉, 〈T˜ 11(x)〉 and 〈T˜ 22(x)〉. These cor-
respond to bond order parameter between the nearest
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FIG. 10. The figure shows the arrangement of SU(4) compo-
nents of the occupied quartet of the n = 0 Landau level for
the valley-spin canted ground state. The colors of arrows indi-
cate spins localized on the two sub-lattice points and different
lengths represents unequal weights on the sub-lattice points.
The site order parameter on the lattice for the valley-spin
canted ground state are same as for the valley-spin polarized
ground state, shown in figures 9b, 9c and 9d.
neighbour sublattice points which also involves a momen-
tum transfer of ±(K+ −K−).
The equation of the straight line that separates the two
phases in U -V parameter space in Fig.8 is,
3V = U − 1
2
um
v2m − u2m
Z˜, (94)
which we obtained by comparing the energies of the two
phases. The order of the phase transition across this
straight line is continuous.
Once again we compare the results of energy minimiza-
tion at σH = −1 with the case when the effects of the
filled Dirac sea are ignored. We find no contribution to
the variational state energy from the symmetry breaking
interaction terms. This is not surprising as σH = −1
has quarter-filled n = 0 Landau level. The only con-
tribution comes from the Zeeman term which results in
the valley-spin polarized ground state in the entire U -V
parameter space. The valley-spin canted ground state is
the consequence of the filled Dirac sea effects within our
variational analysis.
C. Excitation states and gaps
The quasi-particle(hole) excitations from the symmet-
ric model provided the magnitude of the gaps. The ex-
act nature of these excitations, i.e. SU(4) components
of the excitations were left unspecified. In this section
we compute the contributions to the particle-hole exci-
tations from the SU(4) symmetry breaking terms of our
model. The ground state has been fixed in the U -V phase
space by local terms as we had seen in the previous sec-
tion. The gaps from the local interaction terms are lower
by a factor of (a/`c) when compared to the magnitude
from long-ranged Coulomb interaction. But the angle pa-
rameter dependence that results from symmetry breaking
terms will fix the SU(4) components of the excitations.
To compute the contribution to the particle-hole gap
from the short ranged interaction terms, we need to com-
pute
〈ES|(Ψ†(r)GΨ(r))2|ES〉 − 〈GS|(Ψ†(r)GΨ(r))2|GS〉,
where the matrix G = 14, βτ
z, αjτk and j, k = x, y. A
similar procedure that we followed for particle-hole exci-
tations for symmetric model in section VII B, we define
the two point coincident correlator for the excited state,
Υ(r, r) = Γ(p)(r, r)− Γ(h)(r, r) + Γ(r, r). (95)
Γ(p) and Γ(h) are coincident correlators for the particle
and the hole state using the n = 0 Landau level wavefunc-
tions. Γ(r, r) is the coincident correlator for the ground
state and has no coordinate dependence. The correlator
for the particle and the hole, Eq.(64), after the coincident
limit, the coordinate integration is accomplished using
gamma functions, Γ(x) =
∫
r
Γ(x)(r) = 12 (12 − β)Px, here
x = p, h.
The particle-hole gap contribution from each of the lo-
cal interaction terms for the case where the separation is
large between the particle and the hole states is evaluated
using the following expression,
∆G ∝ 1
2
( (
Tr[GΓ(p)]− Tr[GΓ(h)])Tr[GΓ]
− Tr[GΓ(p)GΓ] + Tr[GΓ(h)GΓ]
)
. (96)
The Zeeman term contribution to the gap is,
∆Z =
1
2
κZ
(
Tr[σzΓ(p)]− Tr[σzΓ(h)]). (97)
1. Excitations for ground states at σH = 0
We construct the quasi-hole and the quasi-particle
state by taking a linear combination of the occupied and
the unoccupied members of the n = 0 Landau level quar-
tet respectively for each ground state at σH = 0. By do-
ing this we span all possible SU(4) polarizations for the
quasi-particle and the quasi-hole states for each ground
state in U -V parameter space.
a. Ferromagnetic ordered state: The SU(4) degen-
eracy is completely lifted for the ferromagnetic ground
state. A general hole state is a linear combination of
up-spin states, |h〉 = |γh〉| ↑〉 and particle state of down-
spin states, |p〉 = |γp〉| ↓〉 Here |γx〉 = cos(γx2 )|+〉 +
ei Ωx sin(γx2 )|−〉, with x = p, h. The net gap from the
symmetry breaking terms for the ferromagnetic ground
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FIG. 11. (a) shows the region for all excitations from the
σH = 0 ground state at B⊥ = 10T and r = 1.0. (b) shows
the variation of particle-hole gaps with respect to BT (tilt
angle < 45◦) for all the three phases for the Hall state at
σH = 0. The gap for ferromagnetic spin ordered state labeled
E1, increases linearly with BT , whereas gap for the charge
ordered state, labeled E2, decreases linearly. The gap for
canted-spin phase, labeled E3, shows an increase with BT
with a quadratic dependence. In the canted phase, gap is
inversely proportional to the Hubbard interaction strength U .
In the figure we have chosen U = 2 eV for the shown curve.
state is independent of angle parameters. The excitations
of the ferromagnetic ground state are,
E1 : |h〉 = |γh〉|↑〉, |p〉| = |γp〉|↓〉. (98)
The quasi-particle and the quasi-holes states can be
linear combinations of unoccupied and occupied members
of the n = 0 Landau level quartet respectively. The re-
gion for the excitations, E1, for the ferromagnetic ground
state is marked in Fig.11a. The ferromagnetic ordered
state is fully spin polarized hence the excitations will in-
volve a spin flip, which costs a Zeeman energy, ∆Z = κZ .
This brings in a linear dependence on BT to the excita-
tion gap shown in Fig.11b.
b. Charge ordered state: The charge ordered state
is doubly degenerate as it can be localized on either val-
ley. We choose one of them and construct the quasi-hole
state by choosing a spin in an arbitrary direction local-
ized in the valley, |+〉: |h〉 = |+〉|nh〉 and |−〉 for the
quasi-particle state: |p〉 = |−〉|np〉. Here the spin vec-
tor, |nx〉 = cos( θx2 )| ↑〉 + eiϕx sin( θx2 )| ↓〉, with x = p, h.
The only angle dependence comes from the Zeeman term,
∆Z = − 12κZ(cos(θp) − cos(θh)). The net gap minimizes
for θp = 0 and θh = pi. The SU(4) components of the
excitations for the charge ordered ground state are,
E2 : |h〉 = |+〉| ↓〉, |p〉 = |−〉| ↑〉. (99)
The region for the excitations, E2, in U -V parameter
space is shown in Fig.11a. The particle-hole excita-
tions involve flipping both the valley and the spin quan-
tum numbers and hence the lower the Zeeman energy,
∆Z = −κZ . The gap decreases linearly with BT , shown
in Fig.11b.
c. Canted spin state: For the canted spin ground
state, the SU(4) degeneracy is not completely lifted.
We construct a family of quasi-hole states by taking
a linear combination of the occupied members of the
n = 0 Landau level quartet, |h〉 = cos( θh2 )|+〉|n1〉 +
eiϕh sin( θh2 )|−〉|n2〉, where ϕ1−ϕ2 = pi and θ1 = θ2 = θ0.
The cant angle is given by the Eq.(81). A family of quasi-
particle states is constructed by taking the linear super-
position of unoccupied members of the n = 0 Landau
level quartet, |p〉 = cos( θp2 )|+〉|−n1〉+eiϕp sin( θp2 )|−〉|−
n2〉. Here, like the case for the excitations of the ferro-
magnetic ordered ground state, the net gap from the sym-
metry breaking terms turns out to be independent of the
angle parameters of the particle and the hole states. The
excitations from the canted-spin ground state are linear
combinations of the occupied and unoccupied members
of the n = 0 Landau level quartet,
E3 : |h〉 = cos(θh
2
)|+〉|n1〉+ eiϕh sin(θh
2
)|−〉|n2〉
|p〉 = cos(θp
2
)|+〉| − n1〉+ eiϕp sin(θp
2
)|−〉| − n2〉.
(100)
The region for these excitations in U -V parameter space
is shown in Fig.11a. The canted-spin state is not fully
spin polarized, the excitations cost a Zeeman energy,
∆Z = κZ cos(θ0). The gaps in tilted magnetic have an
increasing quadratic dependence on BT and is shown in
Fig.11b.
The tilted magnetic field measurements for the acti-
vation gaps in quantum Hall experiments are good to
decipher the spin of the excitations. In tilted field exper-
iment, B⊥, the perpendicular component of the magnetic
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field is kept fixed and BT , the total magnetic field is var-
ied by rotating the sample. In the Zeeman term, the spin
sees only the total magnetic field. Whereas rest of the
terms of our interacting model depends on the magnetic
field perpendicular the plane. The particle-hole excita-
tions from the interaction terms have a dominant con-
tribution from the long-ranged Coulomb term and the
short-ranged interactions are suppressed by a factor of
a/`c, hence we ignore them in the following analysis. The
dependence of total gap can be written as
∆ = ∆C(B⊥) + ∆Z(BT ). (101)
For fixed B⊥, the Coulomb contribution is constant,
whereas the Zeeman contribution varies with BT . The
variation of gaps with BT for the three ground states for
the Hall conductivity at σH = 0 are shown in Fig.11b.
2. Excitations for ground states at σH = −1
The ground state at σH = −1 has quarter-filled n = 0
Landau level quartet and its SU(4) component is used
to construct the quasi-hole state. We construct a quasi-
particle state by taking a linear combination of the three
of the unoccupied members of the n = 0 Landau level
quartet.
a. Valley-spin polarized state: The valley-spin po-
larized ground state is doubly degenerate, we choose the
SU(4) component for the quasi-hole state, |h〉 = |+〉| ↑〉.
The SU(4) components for the quasi-particle can be con-
structed as the following linear combination of states,
|p〉 = cos(θp
2
)|−〉|↑〉+ eiϕp sin(θp
2
)|γp〉|↓〉. (102)
The minimization of the net gap from the symmetry
breaking terms was numerically obtained and we find
three excitations for the valley-spin polarized state and
they are,
E˜1 : θp = 0, |p〉 = |−〉| ↑〉, ∆Z = 0. (103)
E˜2 : θp = pi, γp = 0, |p〉 = |+〉| ↓〉, ∆Z = κZ . (104)
E˜3 : θp = pi, γp = pi, |p〉 = |−〉| ↓〉, ∆Z = κZ . (105)
The region in U -V parameter space for these excita-
tions is shown in Fig.12a. The variation of excitation
gaps with BT are shown in Fig.12b. The excitation E˜1
has no variation with BT whereas both E˜2 and E˜3 have
linear and increasing dependence on BT .
b. Valley-spin canted state: The valley-spin canted
ground state is doubly degenerate and has a free param-
eter Ω. Here we choose the SU(4) components of the
quasi-hole state, |h〉 = cos(γ02 )|+〉|↑〉+ ei Ω sin(γ02 )|−〉|↓〉.
γ0 is given by Eq.(91). The SU(4) components of the
quasi-particle state are obtained by taking the following
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FIG. 12. The figures show the excitations described in the
main text for the ground states at σH = −1 in the U -V
parameter space, (a), and their variation with BT (tilt angle
< 45◦) in (b). The excitations E˜1, E˜2 and E˜3 are for the
valley-spin polarized state and E˜4 and E˜5 for the valley-spin
canted state. The excitations E˜2 and E˜3 of the valley-spin
polarized state have a linear variation with BT whereas E˜1
has none. The excitation E˜5 of the valley-spin canted state
has a quadratic dependence on BT whereas E˜4 has competing
increasing quadratic and decreasing linear BT dependence.
For small tilt, angles the decreasing linear BT dependence
dominate as shown in (b).
linear combination,
|p〉 = cos(θp
2
)
(
sin(
γ0
2
)|+〉|↑〉 − ei Ω cos(γ0
2
)|−〉|↓〉
)
+ eiϕp sin(
θp
2
)
(
cos(
γp
2
)|+〉|↓〉+ ei Ωp sin(γp
2
)|−〉|↑〉
)
.
(106)
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Minimization of the net gap from the symmetry break-
ing terms with respect to the variational angle parame-
ters was performed numerically and we find two possible
excitations enumerated below,
E˜5 : θp = 0, |p〉 = sin(γ0
2
)|+〉|↑〉 − ei Ω cos(γ0
2
)|−〉|↓〉,
∆Z = κZ cos(γ0). (107)
E˜4 : θp = pi, γp = pi, |p〉 = |+〉|↑〉,
∆Z = −1
2
κZ(1− cos(γ0)). (108)
The regions for these two excitations are marked E˜4
and E˜5, in U -V parameter space shown in Fig.12a. The
excitation E˜5 has quadratic dependence on BT as shown
in Fig.12b. The excitation, E˜4, has a decreasing linear
and a increasing quadratic dependence on BT which com-
pete with each other. At low tilt angles the decreasing
linear BT dependence dominates as shown in Fig.12b.
IX. COMPARISON WITH EXPERIMENTS
In this section, we compare the behaviour of gaps w.r.t.
B⊥ and BT with experiments5,14. This analysis will
demarcate a region in U -V parameter space where our
model results are consistent with experiments.
In the reference [14], it was reported that the gap at
σH = 0 for suspended graphene was good fit to ∆σH=0 =
(23.1
√
B − 11.1)meV . In Sec.VII B, we had evaluated
the quasi-particle(hole) gap at σH = 0 and found that it
was a good fit to, ∆(B⊥) = (37.8
√
B⊥ + 0.15B⊥)meV
Fig.2. Here we have taken the bare value εr = 1 for
suspended graphene. For the range of magnetic fields
(B ∈ (1, 12)T ) our model gaps are 30-50% larger than
the experimentally observed ones. This is a reasonable
agreement considering our analysis does not include the
effects of disorder and ignores the screening effects of the
long-ranged Coulomb interactions, which is known to re-
duce the theoretical values of gaps of clean samples.
Reference [5] fits a straight line to the gap at σH = 0
for graphene on boron nitrite substrates. While the fit
to our model results does have a linear term, it is small
and arises from our cut-off procedure. This experimental
observation5 is hence not consistent with our model.
The tilted field measurements by Young et.al.5 show
a decrease in the gaps with increasing tilt angle. The
gaps vary linearly as a function of BT (for fixed B⊥). In
Sec.VIII A we showed that there are three ground states
in U -V parameter space: charge ordered, ferromagnetic
and canted-spin state. The variation of particle-hole gaps
w.r.t BT for each ground state is shown in Fig.11b. The
gaps for the ferromagnetic and canted-spin states in-
crease with increasing BT . Only the charge ordered state
shows a linear decrease. Thus we conclude that the re-
gion labeled E2 in Fig.11a demarcates the region in U -V
consistent with experiments.
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FIG. 13. The figure shows the delineated region in U -V pa-
rameter space that is consistent with excitations observed5
for the Hall conductivity at σH = 0 for graphene sample on
boron nitrite. The dashed area shown is the region where
the gaps decrease with increasing BT . The plot is shown for
B⊥ = 5T and εr = 4.0 for boron nitrite substrate.
The gaps14 for σH = −1 were reported to be
∆σH=−1 = (8.5
√
B − 1.8)meV . The large difference be-
tween the gaps at σH = 0 and σH = −11 strongly in-
dicate skyrmionic excitations5,14 about the ground state
at σH = −1. The values of our model gaps are the same
at σH = 0 and σH = −1 since we compute the gaps for
single quasi-particles and do not consider skyrmionic ex-
citations. For this reason we do not compare our model
results for the tilt angle dependence of the gaps with ex-
perimental observations.
To conclude, the behaviour of the quasi-particle gaps
as a function of the tilt angle at σH = 0 is consistent
with the experimental results in reference [5] in the re-
gion shown in Fig.13. This region has been computed for
graphene on boron nitrite, εr = 4.0.
X. SUMMARY
In this paper, we have investigated the role of the Dirac
Sea and long-ranged Coulomb interactions in SU(4) sym-
metry breaking in graphene. We have concentrated on
the integer quantum Hall states in the vicinity of the
charge neutral point.
We started with a realistic interacting lattice model
for graphene. The model includes long-ranged Coulomb
point-charge interactions and short ranged corrections to
it. The short ranged corrections are parameterized by
two phenomenological parameters U and V . We have
presented a systematic derivation of the continuum limit
of this lattice model. All our computations are done using
this effective continuum theory.
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We take a variational approach to the problem. We
have developed a technique, using the heat kernel rep-
resentation of the Dirac propagator in the presence of
a magnetic field to make the computations of Coulomb
energy of the Dirac sea tractable. Our variational wave-
functions allow for a staggered SU(4) polarization of the
Dirac sea. We show that this indeed happens and results
in phases that are absent if the Dirac sea were ignored.
The canted phase for σH = 0 and the valley-spin canted
phase for σH = −1 were shown to be direct consequences
of the inclusion of the filled Dirac sea in our calculations.
The ground state manifolds for σH = 0 and σH =
−1 are the coset spaces U(4)/(U(2) × U(2)) and
U(4)/(U(3) × U(1)) respectively. Thus there will be 8
gapless collective modes for σH = 0 and 6 for σH = −1.
The explicit SU(4) symmetry breaking terms, the short-
ranged interactions and the Zeeman term, pick out spe-
cific ground states which depend on U and V . We have
provided explicit parameterization of the ground state
manifolds and have done a complete search to compute
the phase diagram in U -V space. We find three phases
at σH = 0 and two at σH = −1. The canted-spin state
at σH = 0 and the valley-spin canted phase at σH = −1
have a remnant U(1) degeneracy. In the other three cases
the degeneracy is at most a discrete set. Thus we expect
one Goldstone boson to remain gapless in the first two
cases and all to get gapped in the other three phases.
A comparison of our model with tilted field
experiments5 at σH = 0 shows that only the charge or-
dered phase is consistent with the observed behaviour of
the gaps. This enables us to demarcate a region in U -
V space consistent with experiments on graphene. This
region is shown in Fig.13.
While we have only analyzed the symmetry breaking
of the n = 0 integer quantum Hall states, our method is
applicable to n 6= 0 also. We will be reporting on these
cases in the near future.
ACKNOWLEDGMENTS
We acknowledge useful discussions with J.K. Jain and
S.R. Hassan.
Appendix A: Heat kernel representation of two
point correlation function
In this section, we evaluate the two point correlator
using the time ordered Feynman propagator for a mas-
sive Dirac particle in the presence of a magnetic field.
Consider a massive Dirac particle in (2 + 1)d subjected
to a magnetic field along the z-axis. The hamiltonian,
h =
~vF
`c
(
m pix − ipiy
pix + ipiy −m
)
. (A1)
Here m > 0 is expressed in units of ~vF /`c, and the
eigenvalues are,
n,l = sgn(n)
(~ vF
`c
)√
2|n|+m2.
0,l = −m.
(A2)
The completeness relation is,
12 =
∞∑
n=−∞
∞∑
l=−|n|
(
Θ(−n)|n, l〉〈n, l|+ Θ(n)‖n, l〉〈n, l|
)
.
Here 12 is 2×2 identity matrix, n > 0 and the first term
is a summation over all negative energy eigenvalue states
which include all the Landau levels with negative indices
and the n = 0 Landau level since the eigenvalue is −m
with m > 0. The second term is for states with positive
energies i.e. Landau levels with indices n > 0.
We are interested in constructing the two point corre-
lator,
Gs,s′ (r, r0) =
1
2
〈0|[Ψ†s(r),Ψs′ (r0)]|0〉. (A3)
Here |0〉, the vacuum is constructed by occupying Landau
levels with index n = 0 and n < 0 i.e. all the Landau
levels with negative energy eigenvalues. This definition
takes into account the subtraction of background charge
from the positive charged ions.
G =
1
2
∞∑
n=−∞
∞∑
l=−|n|
(
Θ(−n)−Θ(n)
)|n, l〉〈n, l|. (A4)
Let
K = Θ(−n)−Θ(n). (A5)
K can be defined as following by considering equal time
for the time ordered Feynman propagator,
K = lim
τ→0−
K(τ) + lim
τ→0+
K(τ). (A6)
Here
K(τ) = e−τnΘ(−τ)Θ(−n)− e−τnΘ(τ)Θ(n) (A7)
= −
+∞∫
−∞
dω
2pi
eiωτ
n + iω
. (A8)
We make use of the integral representation,
1
2n + ω
2
=
∞∫
0
ds e−s(
2
n+ω
2). (A9)
and evaluate the integrals and obtain the correlator for
massive Dirac particle,
G = − 1
2
√
pi
∞∫
0
ds√
s
h e−sh
2
. (A10)
20
This is the so called ‘heat kernel’ representation.
To express the heat kernel operator in configuration
space, we use the fact that h2 is diagonal. and from the
knowledge of imaginary time, i.e. t = −i ~β, the propaga-
tor for the hamiltonian (pi2x+pi
2
y)(~ωc/2) in configuration
space18,∑
n,l
ϕ∗n,l(r0)e
−β( ~ωc2 )(pi2x+pi2y)ϕn,l(r)
=
1
2pi`2c
e
− 1
4`2c
|r−r0|2 coth( β~ωc2 )
2 sinh(β~ωc2 )
e
i
2`2c
(xy0−yx0)
.
This enables us to write e−sh
2
in configuration space,
〈r0|e−sh2 |r〉 = 1
2pi`2c
ζs(r, r0)
e−sm
2
2 sinh(s)
(
e−s 0
0 es
)
.
(A11)
here,
ζs(r, r0) = e
− 14 |r−r0|2 coth(s) e
i
2 (xy0−yx0). (A12)
Since s has dimension of the inverse of the square energy
and r has the dimension of length,.
s
2
→ s, r
`c
→ r.
To obtain the propagator, we need to evaluate h e−sh
2
.
This is achieved by finding the action of operators pi+ and
pi− on ζs(r, r0). To accomplish this we express the oper-
ators pi± in terms of the complex variable z = x+ i y and
its conjugate z¯. We have to take into account the ultra-
violet cut-off because of the underlying lattice structure
of graphene. This is taken into account by taking the
limits of integration from 1/2NC to infinity for s variable
in Eq.(A10). In configuration space the equal time two
point correlator, 〈r2|G|r1〉 = Gm(r1, r2)
Gm(r1, r2) =
1
2
1
2pi`2c
(
−fm(r1, r2) dm(r1, r2)
bm(r1, r2) gm(r1, r2)
)
.
(A13)
Here,
fm(r1, r2) =
m
2
√
pi
∞∫
1
2NC
ds√
s
e−s(m
2+1)
sinh(s)
ζs(r1, r2).
(A14)
gm(r1, r2) =
m
2
√
pi
∞∫
1
2NC
ds√
s
e−s(m
2−1)
sinh(s)
ζs(r1, r2).
(A15)
bm(r1, r2) = −i (z1 − z2)
4
√
pi
∞∫
1
2NC
ds√
s
e−sm
2
sinh2(s)
ζs(r1, r2).
(A16)
dm(r1, r2) = −i (z¯1 − z¯2)
4
√
pi
∞∫
1
2NC
ds√
s
e−sm
2
sinh2(s)
ζs(r1, r2).
(A17)
Appendix B: Variational state energy for symmetric
model
1. Kinetic term
The kinetic term has local fermion field operators and
the expectation value can be expressed as,
〈Ht〉 = κt
∫
r
hr,A;s,B〈Ψ†r,A(r)Ψs,B(r)〉. (B1)
Here hr,A;s,B =
(
α ·pi)
r,s
(
14
)
A,B
. To compute the av-
erage of kinetic term we need to take into account the ac-
tion of the operator h which makes it non-local because of
the action of conjugate momentum operator. We cannot
apply the coincident correlator here, instead we compute
the action of the operator h on the two point correlator
and take the coincident limit.
〈Ht〉 = κt
∫
r
lim
r→r0
Tr[h Γ(r, r0)]. (B2)
The operator α ·pi has only off-diagonal elements, hence
Tr[h Γ(r, r0)] =
1
2pi
κt
2
4∑
q=1
(
pi−bmq (r, r0)
+ pi+dmq (r, r0)
)
. (B3)
Here pi± = pix ± ipiy, we obtain
lim
r→r0
pi−bmq (r, r0) = lim
r→r0
pi+dmq (r, r0)
= − 1
2
√
pi
∫
s
e−sm
2
q
√
s sinh2(s)
. (B4)
The spatial integration in Eq.(B1) is trivial and results
in the volume of the system. The kinetic energy density,
Et = − κt
2pi
1
2
√
pi
4∑
q=1
∫ ∞
1
2NC
ds
e−sm
2
q
√
s sinh2(s)
. (B5)
The integrand in Eq.(B5), is a diverging function of s
near zero. We note that leading contribution of this inte-
gration is independent of variational parameters, which
is just a constant from the minimization point of view.
So we drop this constant in the process of computing
the coefficients with variational parameter dependence.
The kinetic term density that has variational parameter
dependence can be expressed as,
Et = κt
4∑
q=1
ηt(m
2
q). (B6)
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The quantity
ηt(m
2
q) =
1
2
√
pi
∫ ∞
1
2NC
ds
(1− e−sm2q )√
s sinh2(s)
. (B7)
The coefficient ηt(m
2
q) always yields positive values for
the range of integration and parameter values that are of
our interest.
2. Coulomb interaction term
The variational state energy contributions from the
Coulomb term come from the exchange term and can
be expressed in terms of the two point correlator,
〈HC〉 = −κC
∫∫
r1,r2
1
|r|Tr[Γ(r1, r2) Γ(r2, r1)]. (B8)
Here |r| = |r1 − r2|. We use the fact, Tr[PqPq˜] = δq,q˜,
to evaluate the trace of the correlator, This indicated
that the Coulomb expectation value is independent of
the angle parameters.
Now consider the integral
I1 = 1
(2pi)2
1
4
∫∫
r1,r2
1
|r|
(
fmq (r1, r2)fmq (r2, r1)
+ gmq (r2, r1)gmq (r1, r2)
)
. (B9)
Once again we plug in fmq (r1, r2) from Eq.(A14) and
gmq (r1, r2) from Eq.(A15) in the above equation,
I1 = 1
(2pi)2
m2q
8pi
∫∫
s1,s2
e−(s1+s2)m
2
q cosh(s1 + s2)√
s1 s2 sinh(s1) sinh(s2)∫∫
r1,r2
e−
1
4 |r|2(coth(s1)+coth(s2))
|r| . (B10)
The spatial integration involves only the magnitude of
the relative position coordinates, hence we transform the
spatial integration from two position coordinates to the
center of mass and the relative coordinates. The center
of mass coordinate is trivial and yields the volume of the
system and the relative coordinate is a gaussian integral.
I1 = V
2pi
ηfg(m
2
q). (B11)
ηfg(m
2
q) =
m2q
8
√
pi
∫∫
s1,s2
e−(s1+s2)m
2
q
√
s1 s2
cosh(s1 + s2)√
sinh(s1) sinh(s2) sinh(s1 + s2)
. (B12)
Now consider the integral,
I2 = 1
(2pi)2
1
4
∫∫
r1,r2
1
|r|
(
bmq (r1, r2)dmq (r2, r1)
+ bmq (r2, r1)dmq (r1, r2)
)
. (B13)
Taking bmq (r1, r2) from Eq.(A16) and dmq (r1, r2) from
Eq.(A17) and plugging in the above equation,
I2 = 1
(2pi)2
1
32pi
∫∫
s1,s2
e−s1m
2
q
√
s1 sinh
2(s1)
e−s2m
2
q
√
s2 sinh
2(s2)∫∫
r1,r2
|r| e− 14 |r|2(coth(s1)+coth(s2)). (B14)
Once again the spatial integration is done by transform-
ing to the center of mass and relative coordinates and is
done analytically using gamma functions. The integrand
has a leading contribution independent of variational pa-
rameter, a similar situation was seen in the computation
of the expectation value of the kinetic term. We drop
the contributions that are independent of the variational
parameter,
I2 = V
2pi`2c
ηbd(m
2
q). (B15)
ηbd(m
2
q) =
∫∫
s1,s2
(e−(s1+s2)m
2
q − 1)√
s1
√
s2 sinh
2(s1) sinh
2(s2)
1
(coth(s1) + coth(s2))
3
2
. (B16)
The net variational parameter dependence of Coulomb
term energy density is expressed as,
EC = 1
2pi
κC
4∑
q=1
ηC2(m
2
q). (B17)
where
ηC2(m
2
q) = ηfg(m
2
q) + ηbd(m
2
q). (B18)
Appendix C: Order parameters and lattice
dictionary
In this section, we provide the simplest lattice rep-
resentation for the 32 order parameters discussed in
Sec.III B. The lattice vectors for the nearest neighbour
sites are: b1 = 0, b2 = e2, b3 = e1 + e2, and the
next nearest neighbour vectors are: a1 = e1, a2 = e2,
a3 = e1 + e2. The table lists the order parameters and
the corresponding lattice representation. Here σν are
2 × 2 identity and Pauli matrices for index ν = 0, x, y, z
respectively.
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Order parameter Lattice operator
T 0ν(x)
(
c†1,n σ
ν c1,n + c
†
2,n σ
ν c2,n
)
+ h.c
T 3ν(x) −i
(
c†1,n σ
ν
( 3∑
j=1
c1,n+aj
)
+ c†2,n σ
ν
( 3∑
j=1
c2,n+aj
))
+ h.c
T 1ν(x)
(
eiK+·nc†n,1σ
ν
3∑
j=1
e−iK−·(n+bj)cn+bj ,2 − e−iK+·nc†n,1σν
3∑
j=1
eiK−·(n+bj)cn+bj ,2
)
+ h.c
T 2ν(x) −i
(
eiK+·nc†n,1σ
ν
3∑
j=1
e−iK−·(n+bj)cn+bj ,2 − e−iK+·nc†n,1σν
3∑
j=1
eiK−·(n+bj)cn+bj ,2
)
+ h.c
T˜ 0ν(x) −i
(
c†1,n σ
ν(
3∑
j=1
c1,n+aj )− c†2,n σν(
3∑
j=1
c2,n+aj )
)
− h.c
T˜ 3ν(x)
(
c†n,1 σ
ν cn,1 − c†n,2 σν cn,2
)
+ h.c
T˜ 1ν(x)
(
eiK+·nc†n,1σ
ν
3∑
j=1
e−iK−·(n+bj)cn+bj ,2 + e
−iK+·nc†n,1σ
ν
3∑
j=1
eiK−·(n+bj)cn+bj ,2
)
+ h.c
T˜ 2ν(x) −i
(
eiK+·nc†n,1σ
ν
3∑
j=1
e−iK−·(n+bj)cn+bj ,2 + e
−iK+·nc†n,1σ
ν
3∑
j=1
eiK−·(n+bj)cn+bj ,2
)
+ h.c
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